
 

Chapter 4NP completeness

As discussed last class two categories of complexity

that capture most of the problems we are interested in

finding algorithms for
P languages we can

decide in poly time

NP languages we can

decide in non det

polytime
i e we could verify

FIEF membership if given
an appropriatecertificate

in det poly time

Eg Hampath NP because a certificate the hamilton

path that we can check in poly time to verify
the graph has a hamilton path

Eg CLIQUE ENP because a clique of size k is

vertices in the proposed clique are indeed all adjacent

to one another

Iii.fi

rEg.NotHamPath
G s t hampath from s to t

Is this language NP

NP not known
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NotHampath

could be

Most computer scientists believe P NP but so far we have

not been able to prove that there are some problems

are exponentially hard to pynomially easy
to

Effffy confirm that the proof is valid

However

We have a system for identifying a certain relationship among

languages ENP

i a III
NP



HC p HP

HC on input G

HP G s t

FF a poly time
Hampath decider HP 445

9

Then a poly time HamCycle
decider if ACCEPT

else REJECT

Proofs
a pony time Hampath decider HP

Then we can construct a poly time HamCycle
decider HC

as follows

HC on input LG where G is a graph

1 edge u v VCG

if HP LG u v accept ACCEPT

2 If no
sutch

edge led to acceptance REJECT

The above reduction from HamCycle to HamPath

is poly time
ie if HP is poly time so is HC If HC is notEP NeitherisHP

Analyze the work done in
HC

ECG m

HC consists of n calls to HP

if HP is polynomial so is HC MA

We write HC HP
black box subroutine

reduces in poly time to



IF what does polytim
reducibility meanÉ

I ae
D E

if we drag A
into P

every problem

g

reducible to A

goes with
it

FETE into P

Boolean Formulas in DNF DisjunctiveNormalForm

xx ya z v xx̅wxzxZ xx ya w̅

x T y T
Is it satisfiable

ie an assignment of truth values
to the variables

so that the BooleanFormula evaluates
to TRUE

Yes in that case and in fact DNF formulae

can be checked for satisfiability in linear time



Boolean Formulas in CNF ConjunctiveNormal Form

xvgvw x xv̅y to v2 x avy

Is it satisfiable x T y T w T 2 T

How about

xvyvw a xv̅gvw̅ a avyvw̅ n xv̅gvw x xvgvw

xv̅jvw̅

SAT 407 1 0 is a BooleanFormula in CNF and

has EE.gsEi ariable 0 tue
Big Theorem Cook Levin X EP SAT

EEFie.fiiE

that leads to ACCEPT

Defl We call a language 2 NP complete NP c if

YEP X pZ Eg SAT



3 SAT 407 0 is a Boolean Formula in 3 CNF and

an assignment to 0s variables that makes it

TRUE

xv yvz n xv̅yvz x xv̅y v2 n avg vz

Triclause has 3 literals

Theorem
ffn p

3211
Given a poly time 35 ATcandidate
decider 53 we can construct

I a poly time SAT
decider S

S on input Q a BooleanForm

NP in CNF

1 construct an
instance of

3SAT according
to an alg

2 Run song
if 53 accepts ACCEPT
if 53 reject REJECT

Alg 1 x x2 x v x V22

2 x v Kar 23 v24 E
SAT

x Vx A a I voc v04 e

3SAT

x v kV x V04Vocs x vav A x Ava v B

BvX4Vxs etc.MG



Theorem 3SAT p CLIQUE

EE.ttProof sketch for a particular example

ovary a xv̅yv g a xv̅yvy
c Cz CE CK 3K

Y T The selected

F 3 clique
must have one
vertex in each

4571111km

ie can't pick
and x ̅

If the graph has a clique of size C clauses in 0

then that identifies an assignment of truth values

to the variables

Ith 911th
one literal from each clause

there are no contradictions

If a satisfying assignment of T F to the variables

then for each clause a literal is made the
pick that literal in the graph for each clause

they form a clique in thegraph and there are C

of them
Thus a clique of size c 0 is satisfiable a

3SAT Ep Clique CLIQUE NP C

NP c



I

We also need

we can construct the graph the input for theCLIQUE decider

in poly time from

f G K where f is poly time
computable

Coles Notes

we want poly time algs for problems languages

if we can't find one perhaps NONE CAN EXIST

we don't know how to prove that

BUT maybe we can prove it is NP complete

If it is NP C then a poly time solution exist

only if P NP

To shew it is NP C we reduce a hard problem

to ours

eg Is X hard



Reduce HamPath to Ham Cycle

Suppose we have a HamCycle decider HC

UH P on input G S t where G is a graph
4 pox

St E VCG
undirected

1 Add a new vertex s

Hoopswith edges to
s and ti on

Itsresult Gindirected
2 RunUHC on LG's
3 If UHC accepts ACCEPT

If UHC rejects
REJECT

Claim I HamCycle in

Gt x s ta
an s t HamPath in G

Proof prove this and then the reduction is complete

Indep Set G K G is a graph

non adjacent to one another

Indepset e NP

t.l.aii.mn



I

G
same vertex set

i j ECG iff i ECG

eg o_0 0

1 Ao

G
G

Clique p Indep Set

Given G K

construct G

run Indepset G K

if accepts ACCEPT

if rejects REJECT

decides Clique in Polytime



harHampath G S t.gs t Ham Cycle G

TiggsFIE

E.FI
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