
3 SAT p V entexCover

VertexCover leftleftlangleGKrightrangleright G is an undirectedgraph and
exists a set

XsubseteqVleftGright where leftXrightX and all

edges in G are incident with a vertex in x

G

leftlangleG8rightrangle VertexCover



Theorem VertexCover is NP C

Proof We reduce 3SAT to Vertex Cover as follows

1 For each variable xi in phi create variablegadget

2 For each clause cileftxiveeoverlinexjveexkright create clause gadget

xi overlineXi

xi

overlinexj xk

3 Connect all clause gadget xi with variablegadget xi

clause gadget overlinexi with variablegadget overlinexi

In the resultinggraph
exists

a vertex cover of size
num variables 2 num clauses

iff Phi is

satisfiable.To
see that this is so let's look at a small example

SeebelowClaimIf Phi is satisfiable then exists a vertex cover in G of

size num variables 2 num clauses

Proof Let T be a satisfying assignment of truth values to

the variables of phi

Start with VertexCoverSet xvarnothing

1 For each variable xi add to X the vertex xi or overlinexi

depending on T that is in xi s variable gadget

2 Since phi is satisfied by T each clause gadget has

at least one edge out to a vertex that is in x



3 Put the other two vertices into x

As a consequence of this every edge between
a

variable gadget and a clause gadget is now covered

by X
4 Also each variable edge is covered by step 1

5 Also every clause edge is covered by step3

so all the edges of G are covered by X and

I x num variables 2 num clauses0Claim

If G has a VertexCover of size num variables

2 num clauses then phi is

satisfiable.ProofiG has such a cover X Then

1 For each variable gadget at least one of the

two vertices are in X since there is an edgethere

2 For each clause gadget at least 2 vertices must

be in X since that is the onlyway to cover all

edges in a

3 No more vertices are in X as that would

exceed num variables 2 num clauses

so all clause to variable edges are covered by

since only 2 edges out from the clause
to a

variable are covered by X members in the clause

gadget the other must be covered by a



variable gadget
Each clause has some literal that is made

TRUE by the truth assignment that
consists of all the variable gadget vertices

that are in X


